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I. INTRODUCTION

The regression and correlation analysis is one of the oldest statistical tools used in
hydrology. It was first used for filling missing data and extending short records at
one hydrologic station by relating the available data at this station with those at
adjacent stations. Now its application has been broadened to cover the study of the
relationship between two or more hydrologic variables and also the investigation of
dependence between the successive values of a series of hydrologic data.

This section deals with the basic definitions and presents discussion necessary for the
understanding of the concepts of regression and correlation and the methods of their
applications.

The simple linear regression and correlation are presented according to classical
treatments, with special emphasis placed on the statistical inference for computing
the parameters. For both grouped data in bivariate distribution and ungrouped data,
the methods of computing the parameters are discussed. The simple curvilinear
regression and correlation, mostly employing the polynomials as the regression func-
tion, is only briefly presented.

The multiple linear and curvilinear regression and correlation are discussed in some
detail, especially with respect to the various ways of measuring the multiple and partial
correlation and to the statistical inference of regression coefficients. The multiple
regression and correlation analysis is used a great deal nowadays because such com-
plicated analyses can be made practicable through numerical computations and thus
can be economically executed with the aid of electronic digital computers.

II. BASIC DEFINITIONS AND TOOLS

A. Hydrologic Variables and Series

A variable in hydrology can be represented by either a continuous series (such as a
recorded hydrograph) or a discontinuous series (such as annual flow values, flood peaks,
ete.). The measuring interval may be selected in terms of time (hour, day, month,
year), length (foot, mile), or surface area (acre, square mile). By use of the mean or
total value of the variable in such intervals, a continuous series can be transformed

into a discontinuous series. Generally, only the discontinuous series of data is’

statistically analyzed in hydrology.

Inasmuch as the hydrologic data are obtained by observations and by further
appraisal of observed values, the hydrologic series are subject to human errors (ran-
dom and systematic) and are often nonhomogeneous. Random errors are always
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present because of the inaccuracy in measurements and observations. Systematic
errors, or errors of inconsistency, refer to errors occurring in one direction, such as
trends or jumps in the series. Nonhomogeneity of the data results from changes due
either to natural catastrophes, such as fires, landslides, etc., or to man-made develop-
ments. It is advisable to appraise the data in terms of their probable errors and non-
homogeneity before using them for statistical analysis and to consider the validity of the
data in drawing conclusions concerning the reliability of the statistical parameters and
relationships determined from them. This is especially important when the available
data series represents a small sample, that is, where the sample size is smaller than
about fifty items.

The relationships of variables in hydrology may either show the cause and effect
at one hydrologic site (such as the precipitation-runoff relationship at one river basin)
or correlate the effects only at neighboring sites (correlating precipitations at two
stations or runoffs of two adjacent river basins). The most common case attempted
is that of showing the relationship of an effect to many causes, of which a small number
of the causes exert greater influence than do all others. In such a case, when neg-
lected variables and inherent errors and nonhomogeneity of data have relatively small
effects, the relationship between the remaining limited number of variables would
indicate a narrow spread around a basic function. This is the form of relationship
generally required and used, since pure, functional relationships in hydrology are
rare.

B. Definitions of Regression and Correlation

If two variables, given as a series with concurrent values (z;, y:), show a concentra-
tion around an imaginary curve when plotted on a graph (Fig. 8-11-1), then for a large

X = Xj X

F1c. 8-II-1. Schematic representation of a simple regression and correlation analysis.

series there will always be a distribution of y values for a given value of z;, or more
precisely, a distribution of y values for a given interval Az around z;. The mean
value yo of all y values for this given interval Az around z; is the expected value of y
for the given z = z;. A curve fitted to all mean values, yo, is called the regression
line of y versus . On the other hand, the curve fitted to all expected (mean) values,
@, for the given y = y;, defines the regression line of x versus y. These two lines do
not coincide, but have different parameters, showing the regressional relationships
between the variables.

A pure functional relationship between variables assumes that all points would
follow a curve, without spread. Inasmuch as the spread of points around the regres-
sion lines may actually be great or small, the degree of association of the variables
involved is generally called correlation and is defined by the parameters of correla-
tion. The correlation is greater when the points are closer to the lines.
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In short, a regression problem considers the frequency distribution of one variable
when another is held fixed at each of several levels. A correlation problem considers
the joint variation of two measurements, neither of which is restricted by the experi-
menter or observer. i

C. Curve Fitting

The methods of curve fitting may be graphical or analytical. If any curve of the
type
y =f(zabc ...) (8-IT41)

is fitted to the plotted points, the graphical procedure is simply that of tracing a curve
by eyes through the mean of the spread (Fig. 8-II-1). This procedure is often subject
to large errors, but is practical and expedient. :

The simplest analytical procedure is to fit a function employing as many parameters
a,bc, . ..,in Eq. (8-II-1), as the number of selected points. These points can be
selected from the sample on the basis of their positions within the sample. Thus, for
three parameters, the use of points 1, 2, and 3 is shown in Fig. 8-II-1. The values
(z:, y:) for each point must satisfy Eq. (8-1I-1), so that there are m equations for the
determination of m parameters. Better yet, they may be points which represent a
weighted average of the groups of points in the sample. Thus, for three parameters,
the points would be divided into three adjacent groups, the weighted mean of each
group would be determined, and the equation fitted to pass through these three
means. These points may be fitted graphically to produce curves. The parameters
are then determined from the curves. This procedure is called the three-point
method.

The currently approved analytical method of fitting curves to scattered points is to
minimize the sum of squares of departures A,; = y; — y, where, for a giyen z;, the
value y is determined from the fitted curve, and y; is from the observed point (Fig.
8II-1). This is known as the least-squares method. 1In order that the line of Eq.

N
(8-I1-1) may have the minimum of E (Ay:)?%, where N is the number of points, all
= ‘

partial derivatives of this sum with respect to the parameters a, b, ¢, . . . should be
zero, so that

N N
61-;1 w—wr 0 wi-—v?

i=1
= 0; s )Fri ; -11-
= 0 5 (8-11-2)

These partial derivatives give m equations for the determination of m parameters.
The simplest functions, given by Eq. (8-1I-1), are those which are linear with respect
to the parameters. Among such functions the polynomial function for z is a general
case, since other functions can be approximated by polynomials if they are developed
in power-series form. There must be more points than parameters, or N > m.
Generally, N should be much greater than m, if the derived line is to be used for pre-
diction purposes.
For example, the fitting of a quadratic parabola of the form

y =a + bz + cx? (8-11-3)
gives the following three equations by using Eq. (8-1I-2):

aN + bZa; + cZz® = Zy:
aZz; + bZxi? + cZzd = Zaiys (8-11-4)
aZz® + bZx:® + cZxit = STe*Ys

with the summations taken from ¢ = 1 to N. The solution of these three equations
gives a, b, and c.
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Table 8-II-1 gives the results of fitting a parabolic rating curve to measured dis-
charges @ and stages H. The sums in Eq. (8-II-4) are given in the table. The
computation must be carried out to the same decimal point for all sums, because some
of the sums are of the same order of magnitude as the differences involved in the use of
much larger numbers. The rating curve by the least-squares method is found to be
Q1 =299 + 0.567H + 0.00720H2. The parabola through three selected points
(6, 11, and 13 in Table 8-1I-1) is Q. = 38.6 4 0.396H + 0.007597H?2.

Table 8-1I-1. Fitting of Parabola to Rating Curve

Estimates of @
T Yi
(stage H), (discharge Q), 5 0 e x2?
cm* m3/sect Least-squares | Three-point
Ql Qz

1 —23 15.55 20.7 35.5 1.25 9.55
2 o =22 15.46 20.9 33.6 1.39 9.78
3 —16 20.07 23.6 34.2 0.26 5.00
4 —16 21.99 23.6 34.2 0.11 4.33
5 14 36.11 39.3 45.6 0.26 1.98
6 33 59.82 56.5 59.9 0.19 0.00
7 46 86.58 70.9 72.9 3.50 2.57
8 69 110.96 103.3 102.1 0.57 (02 ir &
9 88 136.52 135.6 132.3 0.01 0.13
10 120 204 .40 200.7 190.5 0.07 1.00
il 136 232,87 240.2 233.0 0.22 0.00
12 220 492.50 503.2 493 .4 0.23 0.00
18 400 1,412 .48 1,409.0 1412.5 0.01 0.00

*¥1 cm = 0.3937 in.
11 m3/3ec = 35.314 cfs. 8.07 35.12

N = 13; Zax; = 1,049.00; Zx;2 = 258,727.00; Zx;3 = 80,006,477.00;
Zx;* = 28,580,940,099.00; Zy; = 2,846.31; Z(x;y:) = 754,258.87;
Z(wi%y;) = 258,951,971.73.

The goodness of fit of a function, fitted to the observed points by any procedure,
can be measured and tested approximately by the x* parameter (fitting parameter).
This test is known as the chi-square test. The parameter is defined as [1, p. 203]

S ( ) S (Ay:)?
= Yo il o vi 11-5
8 Zl - ¥ (8-I1-5)

1=1 #

For the above example of fitting the parabolic rating curve, x:2 = 8.07 for the least™
squares method and x.? = 35.12 for the three-point method (Table 8-II-1), indicating
that the least-squares method gives a x? value four times smaller than that given by
the three-point method.

It is assumed for the chi-square test that values of y; are normally distributed
around y, for any given interval Az for x;. This assumption is used as a basis either
for comparison of the different procedures of fitting the functions to observed data
or for statistical inference.

A similar procedure is used when the sum of (z; — z)? is minimized for the regres-

sion of z versus y.

D. General Model for Regression and Correlation Analyses

A variable that occurs as a sequence of consecutive values may be composed of
values that are internally independent of each other (random variable) or internally
dependent (autocorrelated, or serially correlated, variable). These conditions are called




8-48 REGRESSION AND CORRELATION ANALYSIS

here internal dependence and internal independence of a variable. A series of monthly
streamflow values is usually internally dependent, because of the carryover of stored
water and the influence of the annual cycle of climate.

The regressional or correlative relationship of m variables has two extreme cases.
When one variable is dependent on all other m — 1 variables, the latter may be either
mutually independent, known as externally independent, or interdependent, known
as externally dependent. Runoff data depend on such variables as precipitation,
evapotranspiration, topography, geology, and water retention. These are, in turn,
generally interdependent i.e., externally dependent.

The frequency distribution of each individual variable (called the marginal dis-
tribution in multivariate distributions) is usually skewed in hydrology. The normal
distribution is generally used as a standard for comparison of such distributions.

The basic relationship for the external or internal dependence of variables can be
expressed arbitrarily by any desired function.

When a statistical model is being set up for regression and correlation analyses, the
statistical relationships should comply with the true hydrologic behavior. Several
of the most important hydrologic variables probably are related among themselves.
They show a residual scatter of points around the curve of a selected functional
relationship because of the effect of other neglected variables and because of inherent
errors. Most hydrologic variables are mutually dependent externally. Nearly all
hydrologic variables are skew-distributed in their marginal distributions. And many
hydrologic variables are internally dependent (autocorrelated).

Difficulties in statistical treatment of the complex model are usually encountered
in hydrology, especially in appraising the reliability (or errors) of the computed
statistical parameters defining the regression or correlation. Swuch difficulties may
be overcome by many simplifications in the use of a general hypothetical model.

When only two variables are related, the analysis is one of a simple regression or
correlation. When three or more variables are involved, the analysis is one of a
multiple regression or correlation. The approach to simplification is to limit the
number of variables to the most significant ones and thereby reduce the labor of com-
putation. Current hydrologic practice generally restricts the analysis to that of

- simple regression or to multiple regression involving variables limited to a maximum

of 5 to 10. Generally, one variable is considered dependent, and all others are con-
sidered to be independent. It is also assumed that the marginal distributions of all
variables can be approximated by a normal distribution or that, by transformation,
they can approach to a normal distribution.

Internal dependence is important only in making statistical inference.

The complexity of the mathematical functions involved can be avoided either by
transformation to linearize the relation or by replacing the complex function with a
polynomial, provided the function can be developed to a power series with a limited
number of terms. Currently, the linear relationship is most used in regression and
correlation analyses in hydrology.

E. Transformation of Variables

The transformation of variables has three basic advantages, which may or may not
all occur in a given transformation: (1) A simple linear relationship is obtained among
the transformed variables. (2) The marginal distributions of the transformed varia-
bles approach more closely to the normal distribution than do those of the untrans-
formed variables. (3) The variation of the points along the regression line is more
homogeneous. In other words, the variance, or standard deviation, is stabilized.

Table 8-11-2 gives the transformations for linearizing a two-variable relationship.
A logarithmic transformation is generally used in hydrology more frequently than
others. >

F. Use of Ungrouped and Grouped Data

In the regression and correlation analysis of a small number of variables with a large
sample size, the use of ungrouped data can be cumbersome and time-consuming if
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Table 8-11-2.

Transformations for Linearization of Different Funections

Straight-line coordinate

Type of function

Equation in linear form

Abscissa Ordinate
1 |y=a+bz z y ly] = a + blal
2 |y = bes* z log ¥ [log y] = log b + (alog c)[x]
3 |y = axb log z log y [log y] = log a + b[log z]
4 |y = a0+ a1z + ax? T — X0 Lo B u] = a1 + 2a1z0 + a2[(x — z0)]
T — 2o z — o
5 |y=a+b/z 1/z y [y] = a + b[1/2]
6 ly=12=/(a+ b3) z z/y [z/y] = a + blz]
7 |y =a/®+ cx) z 1/y [1/y] = b/a) + (c/a)[x]
A
8 |y =c+ bess x log =Y [log d—”] = log (ab) + (a log ¢)[z]
Az dx.
A
B Ly =e i b log z logA—y [log d—”] = log (ab) + (b — 1)[log z]
x dz
T i b S T — 2o [z—xo]=_a—xo 1 g ey
D= Y — Yo Y = Yo e =10 & ="Yo
z T — o T — X0 b(a + bzo)
1% = = —_
Y c+a+bx z s [y—yo] (@ + bxo) + = [x]
A? 2
T T S 2 log—A—ﬁ [1ogj—;] = log (a2b):+ @log &)[z]
ly — be®*] = d + clz]
& 2 A2(log y) log d2(log y) (log b) (log a) 2
13 |y = dc*b™, where m = a® z longz— [T] = log W + (log a)[z]
14 Y et L hohe Yk+1 Yr+2 [logy — a®logb] = logd + (log ¢)[x]
Yk Y [l_lk_'+_2 = _elatods | (gadz | by [ﬂfﬂ
Yk Yk
[ye—cz] =d + b[e(a—c)z]
15 |y = e**(d cos bz + c sin bz) Lo e Yriz | _ _grels = (26083 gog b Ag) [_?i"_i"_‘]
Yk Yk YT Yk
[ e ] = d + c[tan bzx]
cos bz |

REMARK: In types 14 and 15, yk, ¥k+1, and yry2 are consecutive values for an increment Az.


























































